
 

Recall
We insert the ansate Y e into the

differential equation
ay t by cy o l

and obtain the following constraint
ar t br t e O ry BI tbZ4aT

distinguish 3 cases tha

I b 4ac so

21 bh 4ac 0 315 4ac co

case 2 b 4 ac 0

In this case r r roots of the characteristic
equation are real and equal
Let's denote by r the common value of r and
ra Then we have r Laa so 2 art b Og

We know that y e is a solution of 41
We now verify that Ye xe is also a

solution



a Ya bYa CY

a 2rem t r xen b e t rien exert

Chart b e ar but c xer

0 em 0 xen O

the most general solution is

Y C e t axe 3

Case 3 bh 4ac a 0

In this case the roots r and rz are complex

numbers We can write
V At ifs ra a is

where x and P are real numbers
In fact a baa D I4acIkaa
Then using

eio co so is in 0

we can write solutions of the differential
equation as

Y C e t Geri C ebt is Egeek is x
C ed cospxtisins x Ge Gott isinpx



I
e C t G cospx ICC G sinpx
e c cospx t sinfx

where c C t Ca Ca i G Ca

If the roots of the auxiliary equation
ar t br t c 0 are complex numbers
r a tip ra L if then the general
solution of

aY by't Cy 0

is
Y e e c cos Px casinPx

Remark 9.4 initial value problem
similarly to the case of first order
equations an initial value problem for
a second order equation consists of
finding a solution y of the diff eq
that also satisfies initial conditions of the
form y yo Y Gol Y

where Yo and Y are given constants



g
It can be shown that under suitable
conditions there exists a unique solution
to this initial value problem

Example 9.8
solve the initial value problem

Y Y Gy O YCd I Y 01 0

Solution
The characteristic equation is

v2 r 6 r 214 37 0

roots are given by r 2 3

Thus the general solution is given by
Y c eh e

3X

This can be verified directly by substituting
into the diff eq
Plugging in the initial conditions

Y o C t Cz I

Y O 2C 22 0

we get e Is G Z



The required solution of the initial
value problem is

y Ise e

Definition 9.8 non homogeneous equation

we would now want to tackle the
non homogeneous equation

a 1 t by Cy Glx 4

where a b and c are constants and GG
is a continuous function The related
homogeneous equation

ay t by Cy o 5

is called the complementary equation
and plays an important role in the solution

of the original non homogeneous eq 4

Proposition 9.4
The general solution of the non homogeneous

differential equation 4 can be written as

YG Yp x YeCx



where Yplx is a particular solution of
equation 47 and Ye is the general
solution of the complementary equation G

Proofi
We verify that if y is any solution of
equation 47 then Y Yp is a

solution of the complementary equation 651

Indeed
a Y Yp b Y Yp c Y Yp

ay a Yp by byp CY CYP

ay by CY aYp byp't CYP

G x G x O

every solution is of the fam
YG Yp x Yet I

Example 9.9
solve the equation Y t Y 27 x

the characteristic equation is



r2 t r 2 r 1 rt 2 0

with roots r i 2 So the solution of
the complementary equation is

Ye e e t e e
2x

since GG xh is a polynomial of degree 2
we seek a particular solution of the form

Yp x Ax't Bx C

method of undetermined coefficients
Then Yp 2Ax t B and Yp 2A so

substituting we have

2A t 2 Ax B 2 Ax2tBx c x2

or 2A x 2A 2B x 1 2A B 2C x2

Thus
2A 2A 213 0 2A B 2C O

solution
A Iz D L C 24

A particular solution YpGl tax Ix Z



and by Prop 9.4 the general solution
is

Y ye Yp Get GE zx E Z
17

If CGI is of the form Ce where C

and K are constants then we take

as trial solution a function of the form
Yp x Ae

Example 9 10

Solve Y t 4 y EH
The characteristic equation is

r2 t 4 0

with roots I2i so the solution of the
complementary equation is

Yc x C cos 2x Cz sin 2x

For a particular solution we try yplxh.AE
Then Yp 3A e and Yp 9A e

Substituting gives
9 A e t 4 Aest e



so 13 Ae e and A Fg
Thus a particular solution is

Xp x e3
and the general solution is

Y x C cos 2x t G sin 2x t e

I

9.5 Systems of Differential Equations
So far we have looked at differential
equations of one unknown function
More generally we can have for example
models of population growth with several

species

Example 9.11 predators and preys
i In the absence of predators we obtain

the usual exponential growth of the prey
dd KR where k o

and RCH is the number of prey










